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Collapsing of Products Along the Kahler-Ricci Flow 

Matthew Gill 



Abstract 

2 ■ Let X ^ M X E where M is an m-dimensional Kahler manifold with negative first Chern 

class and E is an n-dimensional complex torus. We obtain C°° convergence of the normalized 
Kahler-Ricci Sow on X to a Kahler-Einstein metric on M. This strengthens a convergence result 
of Song-Weinkove and confirms their conjecture. 



1 Introduction 



o 

C^ ' Let M be an Tn-dimensional Kahler manifold with negative first Chern class and let E be an 

n-dimensional complex torus. Independently from Yau and Aubin, there exists a unique Kahler- 
Einstein metric gM on M \Ya,u\ lAuj . Fix a flat metric qe on E. Recall that we can associate a 
(1, l)-form w to a Kahler metric g by defining 

00 ; uj = ^^gfjdz'Adz^. (1) 

t^^ 27r -^ 



Throughout this paper, we will relate Kahler metrics g, gM, ■ ■ -with their Kahler forms to, com, 
. . . using the obvious notation. We will also refer to ci; as a Kahler metric since uj and g uniquely 

CsJ ■ determine each other. Additionally, a uniform constant C, C , . . . will be a constant depending only 

on the initial data whose definition my change from line to line. 

Let X = M X E and define projection maps ttm : X — )• M and tte : X ^ E. Let cjq be any 

^ ' Kahler metric on X and consider the normalized Kahler-Ricci fiow 

C^ ■ d ^ , . , , 

--- —uj = -Ric[uj)-uj, uJt=o = (^o- (2) 

Observe that 

Ric {■n*MUJM + 7r^W£;) = -ttI^ujm- 

Hence ci (X) = — [ttI^j-wm] < and the flow ([2]) exists for all time by the work of Tsuji [Ts| and 
Tian-Zhang |TZ| . Notice that in general loq is not a product. In the case when wq is a product, the 
work of Cao shows that the flow exists for all time and converges smoothly to a Kahler-Einstein 
metric on M [Cj. We prove the following theorem. 

Theorem 1.1. Let uj{t) be the solution to the normalized Kahler-Ricci flow ^ with initial Kahler 
metric coq on X = M x E. Then 



(a) uj (t) converges to -k^^um in C°° {X^ojq) as t ^ oo. 

(b) For any z E M, let E{z) = tt^j (z) denote the fiber above z. Then ^uj (t) \e(z) ~^ ^fiat\E(z) ^^ 
C°° {E(z),u}e) as t ^ cxD, where ojfiat is a (1, l)-form on X with [ujfiat] = [^o] whose restriction 
to each fiber is a flat Kdhler metric. 

We remark that this theorem holds for any compact Kahler manifold that admits a flat metric, 
which includes certain quotients of complex tori. This theorem strengthens a convergence result of 
Song and Weinkove and confirms their conjecture [ SW4j . They prove that when m = n = 1, the 
convergence in (a) takes place in C'^{X,u!q) for any /3 between and 1, and that the convergence in 
(6) takes place in C^ {E{z),uje)- They conjecture that the convergence in this case is in fact C°°. 
This problem originates from the work of Song and Tian [STlj . They considered the normalized 
Kahler-Ricci flow on an elliptic surface / : X — )■ S where some of the fibers may be singular. It 
was shown that the solution of the flow converges to a generalized Kahler-Einstein metric on the 
base S in C^'^. This result was generalized to the fibration / : X — )• Xcan where X is a nonsingular 
algebraic variety with semi-ample canonical bundle and Xcan is its canonical model |ST2j . Theorem 
1.1 is a step towards strengthening this convergence result to C°°. We remark that Gross, Tosatti 
and Zhang have studied a similar manifold as in Theorem 1.1, but considered the case where the 
Kahler class of the metric tends to the boundary of the Kahler cone instead of evolving by the 
Kahler-Ricci flow [GTZj . Fong and Zhang have examined the rate of collapse of the fibers of a 
similar manifold along the Kahler-Ricci flow in a recent preprint [FZ] . 

Theorem 1.1 is related to viewing the Kahler-Ricci flow with surgery as an analytic Minimal 
Model Program (MMP) as conjectured by Song and Tian and proved in the weak sense |ST3] . 
The idea of the MMP is that after several blow-downs and flips, a projective algebraic variety 
becomes either a minimal model or a Mori fiber space (an algebraic fibration f : X ^ B where 
the generic fibers are Fano). Recent results due to Song and Weinkove show that the Kahler-Ricci 
flow performs blow-downs as canonical surgical contractions in complex dimension 2 |SW2) and in 
the case of the blow-up of orbifold points |SW3j . Song and Yuan have given an example of the 
flow performing a flip [SYj . Specific examples of collapsing along the flow have been investigated 
by Song and Weinkove in the case of a Hirzebruch surface [SWlj and by Fong in the case of a 
projective bundle over a Kahler-Einstein manifold |F1| . 

After performing blow-downs and flips, the Kahler-Ricci flow is conjectured to produce either 
a minimal model or a Mori fiber space. If we continue the flow on a Mori fiber space, the flow is 
expected to collapse the fibers in finite time. An example of this was examined by Song, Szekelyhidi 
and Weinkove |SSWj . The rate of collapse of the diameter was improved by Fong under an assump- 
tion on the Ricci curvature |F2] . If we continue the flow on a minimal model, the flow exists for all 
time because the canonical class is nef. In this case, the rescaled flow may collapse in infinite time. 
This is the case considered in [STU IST2[ ISW4[ IFZ] and in this paper. 

In section 2, we derive several estimates following |SW4j . Section 3 contains new higher order 
estimates for the case of a degenerating metric using only the maximum principle. If the metric is 
not degenerating, then the work in section 3 most likely gives an alternate proof of the results in 
|ShW| . For other examples of where higher order estimates were obtained using only the maximum 
principle, see |Chl IDHl ILSY| . In section 4, we obtain the convergence of u, completing the proof 
of the main theorem. 



2 Estimates 

First we establish reference metrics and reduce the flow to a parabolic complex Monge-Ampere 
equation. The Kahler class of u evolves as 

[oj{t)]=e-'[ujo] + {l-e-')[u;M]. 

This can be verified by substituting in to the normalized Kahler-Ricci fiow. Note that we have 
written ojm in place of ttI^^wm to simplify notation and we will continue to do so for the remainder 
of this paper. 

We define a family of reference metrics cot in the class of u;{t) by 

LOt = e"*a;o + (l - e"*) ujm- 
Pick a smooth volume form i7 on X such that 

-dd logn = UJM, [ n= r+") / ojf, A cvl (3) 

Jx Jx 



2n 

This is possible since com represents the negative of the first Chern class of X. Consider the 
parabolic complex Monge-Ampere equation 

/ r^ - \ m+n 



—if = log ^ ^ ^ if, cit + -^—ddip > 0, (pt=o = 0. (4) 

Then the solution </? to (JH) exists for all time and Lo{t) = wj + ^^^dd(p solves the normalized 
Kahler-Ricci fiow Q. 

We derive uniform estimates for the Kahler potential f. The result of Lemma |2. II and Lemma 
12.21 were proved in more general settings in the work of Song and Tian [STl] . See also |FZj in the 
case of a holomorphic submersion X — t- S. Following the notation in [SW4] . we provide a proof for 
the reader's convenience. 

Lemma 2.1. There exists C > such that X x [0,oo), 

(a) \^\ < a 

(b) \^\ < c. 

(c) ^ojT^'' < cj"'+'' < CGj^^''. 
Proof. We begin by calculating 

nt'm+n _ „-mt, m+n , {m+n\ -(m-l) I -, „-t\ , m+n— 1 ., , , , (m+n\ / -, „-t\'^ , ,n . , m /t-\ 

This equation implies that 

ifi < e'^^wj""^" < CVl. (6) 

To obtain the upper bound for (/?, assume that if attains a maximum at a point {zQ^to) with 
to > 0. At that point, the maximum principle implies 

0<^<^<log ^^ <^<logC-<^. (7) 



Thus we find y? < logC, giving the upper bound. Similarly, we obtain a lower bound giving (a). 
To prove (b), we calculate the evolution equation of ip to be 

d \ 

— - A j if = tvuj {oJM -LJt) + n-ip. (8) 

Note that by the definition of cut there exists a constant Cq > 1 such that ujm < Cquji (however it 
is not true that there exists Cq > such that ^(^t ^ ^M since com is degenerate). Then at the 
maximum of the quantity Qi = if — (Cq — l)^?, 

< f— -AJQi=tr^(wAf-cut) + n-(^-(Co-l)0 + (Co-l)A(^ 

< (Co - 1) tr^; LJt + n- Coif + (Cq - 1) tr^ (w - cot) 

< n + {Co-l){m + n)-Co^. (9) 

Hence Qi is bounded above, and so is ip by (a). 

To obtain the lower bound for ip, we define the quantity Q2 = p + {m + 1) p. Working at a 
point where Q2 achieves a minimum, 

> ( — - A j (^2 = tr^ {ujm - iot) + n - ip + {1 + m) ip - {m + 1) ti^ {u - ut) 

> m{ti^idt + ^ - {rn + n+l)) . (10) 

Using the arithmetic-geometric mean inequality and ^, 

^""^ = (;^IV^J ^^(^J <Ctr.cit<C-^. (11) 

This gives a uniform lower bound for (p at (zo,io)) and hence a uniform lower bound for cp. 
Finally, for (c), using (a), (b) and (|4]) we have 

completing the proof of the lemma. D 

Recall that we say two metrics uji and 0^2 are uniformly equivalent if there exists a constant 
C > such that ^u)2 <oji< Cu)2- We now show that u is uniformly equivalent to tbt. Although the 
following lemma is known in more generality (see |STlj . |FZj ). we provide a proof for the reader's 
convenience. We introduce another family of reference metrics 

Wi = LOM + e~^LOE- (13) 

By writing ujq = lom + ^E and Qt = e~*tJo + (l ~ 6~*) cjm, it is easy to see that ujt and ojt are 
uniformly equivalent. We choose uJt so that its curvature tensor vanishes on E which will be useful 
for the remainder of this paper. 



Lemma 2.2. The metrics lo and ojt are uniformly equivalent, i.e. there exists C > such that on 
X X [0,00), 

—Gjt <0J< CCof (14) 

We remark that since ujf is uniformly equivalent to Ut, we also have the following corollary. 

Corollary 2.3. The metrics to and ut are uniformly equivalent. 

Now we will prove the above lemma using a method similar to Song and Weinkove. The main 
difference in the proof is that we need to be careful with the curvature tensor of Cjt due to the 
increase in dimension. 

Proof. By Lemma |2. II part (c), the lemma will follow by bounding iicjt^ from above. We begin 
with the evolution equation for the quantity logtr^^ uj from |SW4] . This is analogous to Cao's [C] 
second order estimate, which is the parabolic version of an elliptic estimate from Yau and Aubin 
[YauirSI] : 

^ - a) log tr^, uj < --l-/i?(5,),J^5.. (15) 

To control the Riemann curvature tensor of 5, we choose product normal coordinates for qm 
and gE- In these coordinates, 

We recall that an inequality of tensors T^j^jj < S'^j-jj in the Griffiths sense is defined as follows. 

■' - - v^ 



For any vectors X and Y of type T^'O, we have T^ifjX^X^Y'Y^ < Sf^jf^X^X^Y^YK Since Rm(gM) 
(the Riemann curvature tensor of qm-, Rkiil) i^ ^ fixed tensor on M, for every X and y on M, 



''klij 



R{gM),U^X'X^Y^Y^ ' < |Rm(5M)lL \X\l, \Y\l^ ■ (17) 



JM)klij 

This gives the following inequality in the Griffiths sense 

- R{9M)kiij < Ci(.9M)ki{9M)ij- (18) 

Applying ([16]) and ([H]) to ([E]) gives 

d .\, 1 



Ajlogtr^,^ < ^-— Yl Cig"'gifgT~gf{gM)H{9M)f 

^ '^* i,j,l,k,p,q=l 

^ m 

Cl 7 (tl-o; UJm) V gfi 

tr.-. 1,1 ^-—^ 



1=1 
< Cl (tr^^ ujm) (trj), w) 



CitVu^UM- (19) 



Recall that there exists Co > 1 such that ujm < CoiUt- Now we define the quantity Qs = 
logtrj)^ uj — (CqCi + l)ip. Then at the maximum of Q3, 

d \ 

^ - A j Q3 < Citrus UJM - {CoCi + 1)^ + {CoCi + 1) tr^ (w - ut) 

< {CoCi + l)(m + n) - {CoCi + 1)0 - tr<^ cot 

< C-^tr^,u. (20) 

To get the last line we use the fact that cp is bounded from Lemma |2. II part (b), that cot and cot 
are uniformly equivalent, and Lemma |2. II part (c). Using Lemma |2. II part (a) and the maximum 
principle shows that Q3 is bounded, hence so is tr^^^ to. D 

By choosing product normal coordinates for gM and gE, dk{gt)i] = for all i, j and k and for 
all t > 0. This implies that the Christoffel symbols for oJt do not depend on t, hence we may write 
V for both Vgj and V^g without ambiguity. This also implies that the curvature tensor R{gt)^jj^ 
does not depend on time. Using these facts, we prove the following lemma which we will make 
heavy use of for the remainder of the paper. We remark that the proof of the following lemma uses 
the product structure of the manifold in a very strong way. 

Lemma 2.4. Let Rm(^o) denote the Riemann curvature tensor of go, i?(^o)i^fc • Then there exists 
a uniform C{k) > for A; = 0, 1, 2, . . . such that on X x [0, 00), 

|V^Rm(go)P<C(A:), (21) 

where \ ■ \ denotes the noma with respect to g{t) and where Vr is the covariant derivative with respect 
to go as a Riemannian metric. 

Proof. Recall that gt is a product metric on X = M x E. Using the fact that Rm(^4) does not 
depend on time and Lemma 12.21 

|V|Rm(go)P = ^l^-^^HM] < C\Vl,^Rm{gt)\l. (22) 

Then because gE is a flat metric on E, 

|V^Rm(ffo)|' < C\Vl^Rm{~gt)\l = C\Vl^^^Rm{gM)\l, < C{k). (23) 

D 
We will now bound the first derivative of the metric oj following the method of |SW4] . 
Lemma 2.5. There exists a uniform C > such that on X x [0,oo), 

5:=|V<7|'<C and IV^H, < C (24) 

where \ ■ \ and \ ■ \go denote the norms with respect to g{t) and go respectively. Moreover, 

|-A)5<-i|Rm(5)|2 + C' (25) 

for some uniform C" > and where Rm(gi) denotes the Riemann curvature tensor of g, Rfjk ■ 

6 



Proof. We will derive the evolution equation of S using a formula of Phong-Sesum-Sturm [PSS] , 
We follow the notation of [PSSl ISWi] , Let *^^. = T^^- - V'y- = g^'^Vig^, where T and f are the 
Christoffel symbols for g{t) and go respectively. Then we have 

5 = |^|2 = //%,M/f,^. (26) 

Before computing the evolution equation of 5, we need the evolution equation of ^f,. 

d ^u d 



dt 



^ = - [g^%g,i - -g^'dfg^i) = g^'d, {-Rfi - g,,-) = - V.fi/. (27) 



We also compute the rough Laplacian of ^f-: 



A*^^. = /^VpV,-*f, = V^" (i?(ffo)^g-/ - ^^,-/) = y'^Rimhj^ - V.i?/. (28) 

Hence we have 

^''--^V'. = -V'^(5ok/- (29) 



Now we calculate the evolution of 5. 



+g^'g'^ {-R,q - gp,) ^^ + 2 Re (g'^'g^'g^g (A^/f, - V'Rigohk'') ^) (30) 
Taking the Laplacian of S, 

AS = IV^P + \V^\' + g^^i^g,, [[A^\^)W], ^ ^\^(M>]')\^ . (31) 

We have the following commutation formula: 



M>1 = ^^\ + R[^l, + R{m^. - i?,^^,^,. (32) 



Substituting (j32p into (j3ip and combining with (j30p . we obtain 

d_ 
dt 



a\s = S- |VvI/|2 - IVM'P - 2 Re [g^'g^'gpgV'RCgo)rsk''^l) (33) 



Now we need to control the final term in (|33p to complete the proof. By choosing normal coordinates 
for go, 



2 Re [g''g"'gpgV'RCgohk''^'ji) = 2 Re [g^'g"'gpgg'' (VrRigohk'' - *r.^(5o)as-/ 

-nrRCaoh/ + ^^arRi~9ohk'')^^ ■ (34) 

We bound the first term in (I34p using Lemma 12.41 

2 Re (g^'g'''gpqg''-VrRC9o)isk''^'^ < C|V Rm{~go)\^ + CS<C + CS. (35) 



Similarly for the remaining terms in (j34p . 

2Re (^g^'g^''gj,grR{~go)ask''n^i) \ < C\ Rm{~go)\^S < CS. 
Using (p^ . (j35]) and (p6|) . we obtain the estimate 

< C" + CS. 



2Rei^g^'g'''gpgV'RCgohk''^ 
We combine (1371) with (l33l) to obtain 



5_ 
5t 



-^-A)5<C7' + C75- IV^P - iVf P. 



(36) 



(37) 



(38) 



Define the quantity Q^ = S + vltr^j^ uj where A is a large constant to be determined later. The 
evolution equation of tri^jj uj is (see |SW4] ). 



^-A)tr^,a; 



= - tr^, u - g''^R{gt)kf9^3 " 9"'~gl9''"^:9kq'^39pT 
< -g''^R{gt)ufg,3 - /5r5^V.5.5Vj5pr- 



(39) 



Using (j39j) and p8|) we have 



d 



— - A Q4<C7' + CS-|V*P 
ot I 



Ikdi 



V^\' - Ag''^R{gt),fg,. - Ag^'-g'^g^^V^gf^.V-g^j. (40) 



To handle the fourth term in (|40p . we again work in product normal coordinates for gM and gE- 
Using the same argument to control the curvature as in Lemma 12.21 and the fact that g and gt are 
uniformly equivalent, 



g''R{9t)kf9i3 < C"(tr^cDi)(tr^,a;) < C" . 
We combine ()40p , (|4ip and again use the uniform equivalence of g and gt , giving 

ot J C" 

< -5-|V^P + C 



(41) 



(42) 



where on the last line we choose A large enough so that C — A/C" < — 1 and throw away the 
term |V^p. Also ignoring the term |V^p gives an upper bound for Q4 by the maximum principle. 
Using Lemma 12.21 then shows that S is bounded above as well. Since g < Cgo we also have an 
upper bound for |V(7|? . 

Now we derive (j25p . Notice that by definition |V^p = | Rm(gf) — Rm(5o)P where we use Rm(^o) 
for the Riemann curvature tensor of ^O) Ri9o)ijk ■ ^Y Lemma [2^ 



I Rm(g)|2 < 2| Rm(g) - Rm(5o)|^ + 2| Rm(5o)|^ < 2|V*p + C. 
Substituting ([I3P into ([I2]) along with the bound on S gives (p5]) . 



(43) 



D 



Following |SW4| . we bound the curvature tensor of g. 

Lemma 2.6. There exists a uniform C > such that on X x [0,oo), 

\Rm{g)f<C. (44) 

Proof. We have the following evolution equation for curvature along the Kahler-Ricci flow (see 
(SWD): 



^^ AJ |Rm(5)| < ^|Rm(g)|^--|Rm(g)|. (45) 

Define the quantity Q = \ Kiii{g)\ + (Co + l)^. Then using (i25]l . (1451) and the maximum principle, 
we have the estimate 

|-A)Q<-i|Rm(5)P+C, (46) 

obtaining a bound for | Kiii{g)\'^. D 

Using Shi's derivative estimates, we obtain bounds for the derivatives of curvature. For a proof 
of the following lemma, please see |Sh] (or |,SW4j Theorem 2.15). 

Lemma 2.7. There exists uniform C{k) for k = 0,1,2, .. . such that on X x [0, cx)), 

\ViRm{g)\^<C{k), (47) 

where Vr is the covariant derivative with respect to g as a Riemannian metric. 

3 Higher order estimates for the metric u{t) 

We will now use the curvature bounds and the maximum principle to obtain higher order estimates 
for g. Examples of higher order estimates using similar quantities and the maximum principle can 
be found in [Chi iDHllLSY] , 

Lemma 3.1. There exists uniform C{k) > for /c = 0, 1, 2, . . . such that on X x [0, oo), 

|V'=5|2 < C{k). (48) 

Proof. We observe that a uniform bound on |V^p will give a uniform bound on iVV^p. We begin 
by calculating 



-Qt^^^v = ^^[r9^'9''9,,yrn,ys^], 



_RSr _ g,r^ ^,i^lkg^_^^^p^^^^q _ g,r fj^ji _ gj^^ glkg^_^^^p^^^^g 



-g'^g^' (-i?»= - g^'^j Gp^^^r^l^s^^ + g'^-g^'g'" {-Rpg - g,q) Vr^^^Vs^i 
+2 Re {g''g^'g^'g,,Vr U^l - y'R{~9o)ft/) V^^'^ ■ (49) 



Applying the Laplacian to |V'I'p, 



AIV^I 



|VV*|2 + |VV*|2 + 2Re [g'W'g^^gpg (AV.^f,) V^) 
+R''g^'g^''gpgVr^^^,V^i + g'' R^' g^" g^gV r^^V^^ 



+g''^g''R''gpgVr^lVs^l - g'^g^'g^^Rp^Vr^lVs^^ 



(50) 



where on the last line we use a commutation formula similar to (j32p . Putting together ()49p and 
(J5U|) . we obtain the evolution equation 

d 



^ - A ) |V^|2 = 2|V^|2 - |VV^|2 - |VV^|2 - 2 Re (/VV%5V.V^i?(5o)r6fe''V,^^^ 



+2 Re (g''g^'g"'gpg V,A - AVJ ^^Vs^l 



ji 



(51) 



Choose coordinates so that go is the identity and digo = and di^di^go = at a point as in p[']. To 
deal with the fourth term in ^T\ , we calculate 



VrV'RCgo)fbk'' = ^rg"'' [VaRC90)fbk'' " ^?a^(5o)«s/ " ^L«(5o)iS/ 



-*?aV.ii(50)„s/ - VrnaRi-gO^lJ - *LV.fi(5o).Sa 



abk 
V 



+v.*L^(5o).5r + ^LVrii(5i 



Ojifefc 



(52) 



We now bound all of the terms arising from (j52p using Lemmas 12.41 and 12.51 For the first term in 

(USD, 



2Re (/VV''5pg-V./'^V,i?(5o).5/V,M/y < C|V5||VRm(5o)||V^| 

We bound the second, and similarly the third and fourth terms in ()52p : 

2Re(/V^g%,-Vr-/"^fa^(5o)„-b/V;^)| < C\Vg\\^m[mm^ 



(53) 



(54) 



Calculating similarly for the remaining terms in (|52p . we obtain the following bound for the fourth 
term of (1511) : 



^sr ji Ik 



2Re ^5'^5^*5"5p5V.V''i?(5o).5/V,*y < C|V*|^ + C. 
Using the same coordinates as above, we compute the commutation relation for ( V^ A — AV,. ) ^f. 



' ik 
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to handle the last term in (j5ip . 

-nadrdl^L + 9rrS„9-,^a + Kadrdi^l) ■ (56) 



-r^a^(5o)fc5/*L + rf,i?(ffo)fc5."^^« + rii?(5o)fc5/^f^ 

-r^^i?(5o)fcs/*L + 5ai?(9o)„5/^a + Rigo)a-b/da^?k 

-rf„i?(5o),5/*^fc - rL^(5o)<,s/^f/5 + ri,R{goU/^i) • (57) 

Putting these together and making use of our choice of coordinates, 

(v.A - Av.) ^i = v./'^ {vaiRf,,^ - R{m\i>r) - ^aiKik" - mou^n 

-naiRfba" - R{~90)fbJ) + KaiRfbk" " ^(5o).6fc")) 
+/»( - Vr^taiRaik' " ^(So).^/) " V,M/L(^.5/ " ^(5o).5/) 
+V.*Sa(^^-6fc" - RC90)fbn + *faV/3(%/ " ^(^o),?/) 
+VaR{~go)ftr''Kk + ^(50).5."V,^^, - ^f,i?(50);35/^L 

-*^,i?(5o).5/3"^L + ^^a^(9o)r./^L - *Li?(ff0),5."*^fe 

-<Ri90)fbr"Kf^ + ^'^aRi90%ir''<k + Vai?(5o)fcB.'^^L 

+R{goU^'^Va^l - ^Li?(^o)^5.°^L - ^f.i?(5o).5/*L 
+^1M~go),-J^l - ^li?(5o),5/^^„ - ^ii?(ffo)fc5/*f^ 

+ M/^„ii(50)fc5."^fa - V„ii(go).5r'^rfc - i?(50)a5/Va^r, 

+^iii(5o)^5/^rfc + ^ii?(5o)a5/^rfe - ^^„«(5o)«5/^f; 

+ ^fa^(50)a5/^^fc + ^L«(50)«5/*f/3 " ^^a«(5o)«5/^f, 
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Using ()58p and Lemmas 12.41 12.5] and 12.71 we can bound all the terms resulting from the final term 
of (I5ip . Starting with the first term from (158^ : 

2Re {g'^g^'g'^gpqVrd"'VaR^ik''^s^) < C|V5||VRm(ff)||V^|. (59) 

We bound |VRm((7)| by observing that 

(v, - v„) R^j; = ^t,R^j; + ^';,RaJ - ^'o.aR^h, m 

and so 

|VRm(g)|2 <2|(V- V)Rm(5)|2 + 2|VRm(5)|2 < C\^^ + C\Rin{g)\'^ + 2\V RTn{g)\'^ <C (61) 

where to get the last inequality we use Lemmas 12.51 and 12.71 Substituting (f6T]) into (j59]) gives the 
bound 



2 Re [g~''g^'g'^gpqVrg"'yaRiik''^s'^]i) < C| V*| < C\V^\^ + C (62) 

For the second term from (|58|) . using Lemmas 12.41 and 12.51 

2Re(/^ffV%5V./'^fi(5o).5/V;^) < C|Vg||VRm(5o)||V*| 

< C|V^|^ + C. (63) 

Similarly, we bound the remaining terms arising from (j58p and obtain the estimate 

1 2 Re [g''g^'g'''gpg (v, A - A V,) ^f^ V^) | < C| V^ | ^ + C. (64) 

Substituting ([55]) and ([Ml into (f5T]) . 



— -A |V^r<C2|V^M + C. (65) 

By the definition of ^, 

Using this with the Lemma |2.5| we have 

|V*P < 2|V'I'|^ + 2|V^ - V^p < 2|V^p + C. (67) 

Define the quantity Qi = |V*P + 2(Ci + l)|*p. Then using (jMD, dM]), dST]) and Lemma[231 

(|--AjQi < C7i|W|2 + C7 + 2(Ci + l)(C + C|*p-|V*|2-|W|2) 

< -|V*p + a (68) 

This gives a uniform bound for |V'I'p and hence a uniform bound for jV^p. 
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Now we may proceed inductively to derive estimates of any order. As in the case when A; = 1, it 
wiU suffice to bound |V^p by induction. Computing as in (I5ip . the evolution equation of |V^p 
is 

— -AJ|V^^|2 = (A; + l)|V^^p-|VV''*p-|VV''*p-2Re/v'=r,V^^ 

+2Re/('v'=A- AV^'W,V'=^\, (69) 

where (•, •) denotes the inner product with respect to g and where T is the tensor TJ'- = V R^ij . 
We work in coordinates where ^o is the identity and diCjQ = 0, di-^di^go = 0, . . . jdi^di^ . . . di^^^g^ = 
at a point as in [T]. Using these coordinates, f = 0, . . . , V'^f = and T = ^, . . . , V'^T = V'^'I'. 
Proceeding as we did to obtain (f55|) . we bound the fourth term in ([69|) by C|V'^^p + C since all 
lower order derivatives of ^ are bounded by induction. As in (j58p . the final term is made up of 
terms involving derivatives of curvature tensors and derivatives of ^ of order less than or equal to 
k. All terms here are good, since a A:-th order derivative of ^ is what we are estimating, and by 
induction lower order derivatives of ^ are bounded. Derivatives of order less than or equal to k 
of Rm((7) are bounded by induction and Lemma 12.71 since differentiation with respect to g and g^ 
differ by terms involving lower order derivatives of ^ as in (16ip . Any derivatives of Rm(^o) are 
bounded by Lemma 12.41 As above, we obtain the estimate 



— -A j |V*-'^r <C7fc|V''^r + C7. (70) 

We define the quantity Qk = |V''^p + 2{Ck + l)|V''"^^p. We have the inequality 

IV'^^P < 2|VV'''"^^|^ + 2|(V - V)V''"^^P 

< 2\VV^-H\^ + C (71) 

since (V — V)V ^^^ is made up of terms involving ^ and V \I' and hence is bounded by the 
induction hypothesis. Then using this and (|70p . we have 



^-a'JQa: < Cfe|V^-^|2 + C7 + 2(Cfc + l)((7-|VV'=-^*|2 

< -IV'^^P + C (72) 

giving us a bound for |V^p. D 

Because of the symmetries of the metric tensor g^j, we obtain the following lemma bounding 
the barred derivatives of the metric. 

Lemma 3.2. There exists uniform C{k) > for k = 0,1,2, .. . such that on X x [0, oo), 

IV'^^I^ < C{k). (73) 

Using Lemmas 13.11 and 13.21 we construct estimates for all possible covariant derivatives of the 
metric. 
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Lemma 3.3. There exists uniform C{k) > for k = 0,1,2, .. . such that on X x [0, oo), 

NW < C{k), (74) 

where Vk is the covariant derivative with respect to go as a Riemannian metric. 

Proof. Let a = (ai, a2, . . . , a^) be a fc-tuple with symbolic entries z or z. We define V'*' to be the 
operator V if Oj = z or V if Oj = z. Then we define V*^ to be the operator V"^ . . . V°*= (if a is a 
0-tuple, define V** to be the identity). To prove the lemma, it suffices to bound the quantity iV'^s'p. 

We will proceed by induction on k. The case where A: = 1 is handled by Lemmas 13.11 and 13.21 
For the general k we may assume that there exists an index / such that ai = z, otherwise we are 
done by Lemma 13. 2i Choose I to be the greatest index such that ai = z and define a' to be the 
{I — l)-tuple containing the first I — 1 entries of a. If / = k, we observe that a bound on jV^^^p will 
follow from a bound on \^^ ^p. 

We will introduce some notation: if A and B are tensors, let A*B denote any linear combination 
of products of A and B formed by contractions with the metric g. If / is not equal to A;, by commuting 
the covariant derivatives, we have 



v^5 = v^'vv^-'^ 

= V-' (vVV'-'-'g + Rm(go) * V'-'-'g) 

= V^'(v'=-'V<7 + V'=-'-iRm(5o)*ff + ... + Rm(ffo)*V'=-'-i<7)- (75) 

Hence a bound on |V**(7p follows from a bound on \V'^ v'^~'^p since the other terms are bounded 
by Lemma 12.41 and induction. We will now complete the proof by bounding IV*^ ^p for a general 
{k — l)-tuple a'. 

Notice that if every entry of a' is z or if every entry of a' is z, the proof is complete by Lemmas 
13. II and [3. 2[ Now let r be the greatest index such that a'^ = z and define a" to be the (r — l)-tuple 
containing the first r — 1 entries of a'. If r = A: — 1, then 

|V^'^|2 = |V'^"v*p = |V^"(Rm(5) - Rm(5o))P < |V^" Rm{g)\'^ + |V^"(Rm(go)p. (76) 

Notice that the second term in the right hand side of (|76p is bounded by Lemma 12.41 We ob- 
serve that V*^ Rm(g') differs from V** Rm(5r) only by terms involving Rm(gi), . . . , Vj^^ Rm(g) and 
^, . . . , Vjg~ ^. By induction and Lemma 12.71 we have a bound for V^ Km.{g) and hence 

IV^'^P < C. (77) 

If r < / — 1, we commute the covariant derivatives, 

= V^"(v'"'^-^W + V'"''"2Rm(5o)*^ + ... + Rm(5o)*V'"'"2^). (78) 

Notice that the norm of the first term of (I78|) is bounded as in (I77p and the norms of the other 
terms are bounded by induction and Lemma 12.41 completing the proof. D 
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4 Convergence 

In this section we will complete the proof of the main theorem by showing that uj{t) converges 
smoothly to lom as t — )• oo. Fix z G Af and define a function p^ on E{z) := irj^j (z) by 

^o\Eiz) + ^:^ddpz>0, Ric ( ujo\Eiz) + ^:^ddpA =0, / p^wj = 0. (79) 

Note that since pz varies smoothly with z, we may define a smooth function p{z, e) on X. Then 

<^fiat ■■= ^0 + -7^ — ddp (80) 

zvr 

determines a closed (l,l)-form on X with [ujiat] = [^o]- Also, cofiat may not be a metric on X, 
but ujfiat\E{z) is a flat Kahler metric on each fiber. 

We will now prove the following estimate for ip, which will give us the convergence of uj{t). 

Lemma 4.1. There exists uniform C > such that on X x [0, oo), 

\^\<C{l + t)e-'. (81) 

Proof. This proof follows similarly as in |SW4j . To simplify notation, let b^ denote the binomial 
coefficient bj. = C"^") • Then using ([3]) and the fact that [ujfiat] = [i^o] , 

n = bmuTjAuj]i,,. (82) 

We deflne the quantity Q = ip — e~^p and calculate its evolution 

, / r^ - \ m+n 

^ i„, ^"'(^--/-..+(;-f)-M+v^«gQr" _g. (S3) 

Now let Qi = e^Q — At where A is a constant to be determined later. Suppose Qi attains its 
maximum at a point (20,^0) with to > 0, then at that point 

< TT-Qi < e log ^^ ^^ A 

dt bmUjJ^j A Ujji^^ 



e"* 



(6„e-"*(l - e-T<f A u;],^, + ... + e-(™+")*u.j;+") 



= e log ^ - A 

< e* log (1 + Cie-' + ... + C„e'™*) - A 

< C-A. (84) 

If we choose A > C, we obtain a contradiction and hence Qi must attain its maximum at t = 0. 
This gives the estimate ip < C (1 + t) e~*, and we can similarly obtain a lower bound. D 

We may now complete the proof of the main theorem. 
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Proof. Using Lemma [3.3l Lemma [4. II and the definition of a;(t), we immediately see that uj{t) — )• u)m 
in C°° as t — )• c« proving part (a). 

We will restrict Lemma 12.51 to E{z) using a method similar to that in [To]. Choose com- 
plex coordinates x™^^, . . . jX™^" on E so that qe is the identity and g\E is diagonal with entries 
Am+i, . . . , Am+n- Then choose complex coordinates x^,. . . ,x"^ on X such that at a point p the 
space spanned by ^|p, . . . , g^|p is orthogonal to the space spanned by g^£+i \p, ... , g^H+n \p with 
respect to g. In this coordinate system, g is diagonal with entries Ai, . . . , Xm+n, and so 

m+n ^ 

|2 V^ i 



i,j,k=m+l •' 



m+n 



i,j,k=l •' 

= \^9?<C. (85) 

By restricting the uniform equivalence of g and gt to E(z), we see that g\E(z) is uniformly equivalent 
to e~^gE. Using this fact coupled with (f85]l we estimate the derivative of e^g\E(z)- 

\'^Ee^g\Eiz)\lE = e^^ff'EQEaE^ EA9\E(z))kq^ E,j{g\E(z))lp 

< Ce-\gEf{gEf{9ErVEA9\Eiz))kgVEA9\E(z))ip 
= Ce-'\'^E9\Eiz)\l^^^^ 

< C'e^K (86) 
Similarly, we obtain estimates for the fc-th order derivative of e^g\E(z)' 

|V|e*5b(.)lL<C^e-^*. (87) 

We constructed gfiat to be a flat metric when restricted to the complex torus E{z), and so it is 
given by a constant Hermitian metric on C". Using a standard coordinate system for E{z), we see 
that V'^gjiat = for all k, thus 

|V|(e*9U(.) - 9fiat\Eiz))\l, < Ce'^'. (88) 

It remains to show that e^g\E(z) -^ 9fiat\E(z) ™ C'''(-E'(z)). Define a function ip on E(z) by 

V' = e"VlB(2) -Pz- (89) 

Letting A^; denote the Laplacian with respect to gE, 

AijV = tr g,,{e^g\E{z) - 9fiat\E{z))- (90) 

Combining (I88|) with k = 1 and (j90p gives the estimate 

IVbAsVIL < Ce-'. (91) 

Since f^ AeiPuj^ = 0, for each time t there exists a point y{t) in £'(2;) so that ip{y{t),t) = 0. 
Applying the Mean Value Theorem with ()91|) shows that 

I A£;V'(^, t)lL = l^Ei^i^, t) - AE^P{y{t),t)\l^ ^ (92) 

as t — )• 00. (f88]l . (f90l) and (i92]) show that e*g|£;(2) — )• g/;at|£;(^) in C°° on E(z), completing the proof 
of the main theorem. D 
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